Abstract. For a null-homologous transverse link T in a general contact manifold with an open book, we explore strongly quasipositive braids and Bennequin surfaces. We define the defect δ(T ) of the Bennequin-Eliashberg bound.
Introduction
Let B n be the n-strand braid group with the standard generator σ 1 , . . . , σ n−1 . For 1 ≤ i < j ≤ n, let σ i,j be the n-braid given by σ i,j = (σ j−1 σ j−2 · · · σ i+1 )σ i (σ j−1 σ j−2 · · · σ i+1 ) −1 In particular, σ i,i+1 = σ i . The braid σ i,j (resp. σ −1 i,j ) can be understood as the boundary of a positively (resp. negatively) twisted band attached to the i-th and the j-th strands (see Figure 1 ). The elements in the set {σ i,j } 1≤i<j≤n are called the band generators. Band generators appear in many papers in the literature. The work of Bennequin in [2] identifies braid words in band generators and transverse knots and links (in the following we just say link for simplicity) in the standard tight contact 3-sphere (S 3 , ξ std ).
Rudolph uses band generators in a series of works including [32] where he develops and popularizes the concepts of quasipositive and strongly quasipositive knots and links. See also Rudolph's survey article [33] .
Using band generators, Xu in [34] gives a new presentation of B 3 and a new solution to the conjugacy problem in B 3 . Birman, Ko and Lee in [4] generalize the results of Xu to B n . From the modern viewpoint, their work can be understood that the band generators give rise to a Garside structure, which is a certain combinatorial structure allowing us to solve various decision problems like the word and conjugacy problem (see [8] ). Today the Garside structure defined by band generators is called the dual Garside structure on B n .
In this paper, otherwise stated, every braid word w is in the band generators σ i,j , rather than in the standard Artin generators σ 1 , . . . , σ n−1 .
Let T be a transverse link in (S 3 , ξ std ). We say that a word w in the band generators σ i,j is a braid word representative of T if the closure of the n-braid w is T . For a braid word representative w of T , starting with n disjoint disks and attaching a twisted band for each σ ±1 i,j in the word w we get a Seifert surface F = F w of T , which we call the Bennequin surface associated to w (see Figure 1 ). [6, p.71 ] for a topological link type which generalizes Bennequin's Markov surface [2] (every Bennequin surface is a Markov surface, but there are Markov surfaces which are not Bennequin surfaces [6, p.73] ), where they require one more additional condition that F has maximal Euler characteristic among all Seifert surfaces. However, in this paper, F w may not necessarily realize the maximal Euler characteristic.
A Bennequin surface is defined by Birman and Menasco in
A braid K ∈ B n is called strongly quasipositive [33] if K admits a word representative w such that its associated Bennequin surface F w has no negatively twisted bands. That is, w is a product of positive band generators. Using the dual Garside structure on B n with the band generators, one can check whether a given braid K is conjugate to a strongly quasipositive braid or not [4] .
Bennequin in [2] shows that for a braid word representative w of T , the self-linking number sl(T ) is given by the formula (1.1) sl(T ) = −n(w) + exp(w)
where n(w) and exp(w) denote the number of braid strands and the exponent sum of w. He also proves a fundamental inequality called the Bennequin inequality [2] (1. = the number of negatively twisted bands in F w .
Therefore, we observe the following:
The genus of the Bennequin surface F w is equal to g(T ) if and only if the number of negatively twisted bands of F w is equal to δ(T ). In particular, for a strongly quasipositive braid word w, its Bennequin surface F w gives a minimum genus Seifert surface of T and the Bennequin bound is sharp, i.e. δ(T ) = 0.
Related to Observation 1.2 we conjecture the following:
Let b(T ) be the braid index of the transverse link T defined by b(T ) := min{n ∈ Z >0 | T has an n-braid word representative}.
Conjecture 1.
Every transverse link T in (S 3 , ξ std ) is represented by a braid word w whose Bennequin surface F w contains δ(T ) negative bands. Equivalently, due to Observation 1.2, every T bounds a Bennequin surface of genus g(T ).
In Conjecture 1, we do not require that the braid word w realizes the braid index b(T ). In fact, in [17] Hirasawa and Stoimenow gives an example T of b(T ) = 4 represented by
(note the sign convention is altered here) and none of whose Bennequin surfaces consisting of four disks and twisted bands have the genus g(T ) = 3. (Stronger Form of Conjecture 1). Every transverse link T in (S 3 , ξ std ) is represented by a braid word w of the braid index at most b(T ) + δ(T ) such that its Bennequin surface F w contains δ(T ) negative bands.
Under a condition of large FDTC, Conjecture 1 holds as stated in Theorem 1.12.
A special case of Conjecture 1 where δ(T ) = 0 is of our interest.
Conjecture 2. For a transverse link T in (S 3 , ξ std ), the Bennequin bound is sharp if and only if T is represented by a strongly quasipositive braid. The aim of this paper is to study these conjectures in the setting of general contact 3-manifolds.
First we recall a fundamental fact repeatedly used in this paper: In a general closed oriented contact manifold supported by an open book, every closed braid can be seen as a transverse link. Conversely, every transverse link can be represented by a closed braid, which is uniquely determined up to positive stabilizations, positive destabilizations and braid isotopy (see [2, 29] for the case of disk open book (D 2 , id) and [28, 30, 31] for general case).
Next, we set up some terminologies. Definition 1.3. Let T be a null-homologous transverse link in a contact 3-manifold (M, ξ). We say that α ∈ H 2 (M, T ; Z) is a Seifert surface class if α = [F ] for some Seifert surface F of T . This is equivalent to
is the boundary homomorphism of the long exact sequence of the pair (M, T ). Let sl(T , α) denote the self-linking number of T with respect to α. We say that a Seifert surface F of T is an α-Seifert surface if [F ] = α ∈ H 2 (M, T ; Z). Definition 1.4. Let g(F ) be the genus of F and χ(F ) be the Euler characteristic of F . We define the genus and the Euler characteristic of T with respect to α by
We have χ(T , α) = 2 − 2g(T , α) − |T |, where |T | denotes the number of link components of T .
We recall a theorem of Eliashberg. Theorem 1.5 (The Bennequin-Eliashberg inequality [9] ). The contact manifold (M, ξ) is tight if and only if for any null-homologous transverse link T and its Seifert class α we have
For an overtwisted contact manifold (M, ξ), the same inequality holds for any null-homologous, non-loose transverse link T and its Seifert class α.
The second statement is attributed toŚwiatkowski and a proof can be found in Etnyre's paper [12, Proposition 1.1]. Theorem 1.5 guides us to introduce the following invariant. Definition 1.6. We define the defect of the Bennequin-Eliashberg bound with respect to α by
Note that δ(T , α) is an integer and it can be any negative integer when ξ is overtwisted: To see this, we observe that a transverse push-off of an overtwisted disk gives an transverse unknot U bounding a disk, D, with sl(U, As we will see in Lemma 4.5, if T bounds a minimum genus α-Bennequin surface, then δ(T , α) ≥ 0. We expect that the converse is true: Conjecture 3. Let (S, φ) be an open book decomposition of a contact 3-manifold (M, ξ). Let T be a null-homologous transverse link in (M, ξ) with a Seifert surface class α ∈ H 2 (M, T ; Z). If δ(T , α) ≥ 0 then T bounds a minimum genus α-Bennequin surface with respect to (S, φ).
We list evidences for Conjecture 3. Conjecture 2 . Let T be a null-homologous link in (M, ξ) and α ∈ H 2 (M, T ; Z) be a Seifert surface class. If δ(T , α) = 0 (we say the Bennequin-Eliashberg bound is sharp on (T , α)) then T is represented by an α-strongly quasipositive braid with respect to (S, φ).
Conjecture 2 is raised as a question in the SQuaRE report [1] . It is also stated in [1] that a strongly quasipositive link bounds a minimal genus Bennequin surface.
We remark that for a general open book, the counterpart of the stronger form of Conjecture 2 does not hold. In Example 5.6, we see an example of transverse knot T with δ(T ) = 0 which bounds a minimum genus Bennequin surface but any braid representative of the minimum braid index does not bound minimum genus Bennequin surfaces. In particular, the Bennequin bound is sharp on T if and only if the 3-braid is (braid isotopic to) a strongly quasipositive braid.
Main results.
Our first main result Theorem 1.11 confirms Conjecture 2 under some assumptions. Let (S, φ) be an open book and C be a connected component of the binding of (S, φ), which we will call a binding component. Let K be a closed braid with respect to (S, φ) and c(φ, K, C) be the fractional Dehn twist coefficient (FDTC) of the closed braid K with respect to the binding component C (see Section 2 for the definition).
Theorem 1.11 (proved in Section 5). Let (S, φ)
be an open book decomposition of a contact 3-manifold (M, ξ) and T be a null-homologous transverse link in (M, ξ) with a Seifert surface class α ∈ H 2 (M, T ; Z). Assume the following:
(ii) M does not contain a non-separating 2-sphere (i.e., M does not contain an S 1 × S 2 in its connected summands). (iii) T has a closed braid representative K with respect to (S, φ) which bounds an α-Seifert surface F such that:
Then δ(T , α) = 0 if and only if K is α-strongly quasipositive with respect to (S, φ). In particular, δ(T , α) = 0 if and only if T is represented by an α-strongly quasipositive braid.
If we drop the assumption (i) or (iii-c), as shown in Examples 5.6 and 5.8, K may not be α-strongly quasipositive. However, we note that this does not mean failure of Conjecture 2 since some positive stabilizations of K has a good chance to be α-strongly quasipositive.
Our second main result Theorem 1.12 (and Corollary 1.13) shows that Conjecture 3 holds for the disk open book (D 2 , id) under an assumption of large FDTC.
then T (in fact, K itself or K with one positive stabilization) bounds a minimum genus Bennequin surface with respect to (D 2 , id).
Moreover, if δ(T ) = 0 and c(id, K, ∂D 2 ) > 1 then K is a strongly quasipositive braid. In Example 5.9 we present examples of braids satisfying conditions in Theorem 1.12 and Corollary 1.13. In particular, our example contains many non-fibered knots which shows independency of our results from Hedden's [15] .
Although it looks restrictive, the large FDTC assumption is satisfied by almost all braids: Indeed, given a random n-braid β and a number C, the probability that |c(id, β, ∂D 2 )| ≤ C is zero (see [27, 20] for the precise meaning of "random").
The FDTC for closed braids in open books
In this section we review closed braids in open books and the FDTC for closed braids.
Let S be an oriented compact surface with non-empty boundary, and P = {p 1 , . . . , p n } be a (possibly empty) finite set of points in the interior of S. Let M CG(S, P ) (denoted by M CG(S) if P is empty) be the mapping class group of the punctured surface S \ P ; that is, the group of isotopy classes of orientation-preserving homeomorphisms on S, fixing ∂S point-wise and fixing P set-wise.
With respect to a connected boundary component C of S, the fractional Dehn twist coefficient (FDTC) of φ ∈ M CG(S, P ), defined in [18] , is a rational number c(φ, C) and measures to how much the mapping class φ twists the surface near the boundary C. A closed braid K with respect to (S, φ) is an oriented link in M \ B which is positively transverse to each page. Two closed braids are called braid isotopic if they are isotopic through closed braids. The number of intersection points of K and the page S t is denoted by n(K) and called the braid index of K.
Let B n (S) be the n-stranded surface braid group for S. Cutting M \B along the page S 0 we get a cylinder int(S) × (0, 1) and the closed braid K gives rise to a surface braid β K ∈ B n (S) with n = n(K) strands.
The converse direction; namely, obtaining a closed braid from a surface braid β ∈ B n (S), requires more care. Recall the generalized Birman exact sequence [13, Theorem 9.1]
where i is the push map and f is the forgetful map. Except for some special few cases, this exact sequence does not split. Since there is no canonical map from M CG(S) to M CG(S, P ) we have various possibility to construct a closed braid K from a given braid β ∈ B n (S).
We recall the definition in [22] of the FDTC c(φ, K, C) of K as follows.
Suppose that the mapping class φ is represented by a homeomorphism f ∈ Homeo + (S). For a connected boundary component C of S, let us choose a collar neighborhood ν(C) ⊂ S of C. We may assume that f fixes ν(C) point-wise. We say that a closed braid K is based on C if K ∩ S 0 ⊂ ν(C). By a braid isotopy, we can put K in a position so that K is based on C. Let j : S ≈ S \ ν(C) → S be the inclusion map. Then j induces a homomorphism j * : Homeo + (S) → Homeo + (S, P ) since f = id on ν(C). This j * further induces a homomorphism j * : M CG(S) → M CG(S, P ).
Definition 2.1. Let K be a closed braid with respect to (S, φ) and based on C. The distinguished monodromy of the closed braid K with respect to C is the mapping class
Here i denotes the push map in the generalized Birman exact sequence. The FDTC of a closed braid K with respect to C is defined by
Remark 2.2. Due to the dual Garside structure of the braid group B n coming from the band generators σ i,j , for each β ∈ B n we have a left canonical normal form
Here, δ = σ 1,2 σ 2,3 , . . . , σ n−1,n and δ is called the dual Garside element. As a homeomorphism of a disk with n marked points evenly distributed along the boundary, δ rotates the disk by 
for n ≥ 3 and K m be the closure of β m . Then inf(K m ) = 0 whereas c(id, K, ∂D 2 ) = m.
Summary of results in open book foliations
In this section, we review properties of open book foliations that are needed to prove our main theorems. For details, see [21, 22, 23] .
Let (S, φ) be an open book decomposition of a contact 3-manifold (M, ξ). Let K be a closed braid with respect to (S, φ) and F be a Seifert surface of K. With an isotopy fixing K = ∂F , [21, Theorem 2.5] shows that F can admit a singular foliation
induced by the intersection with the pages of the open book and satisfying the following conditions.
(F i): The binding B pierces F transversely in finitely many points. At each p ∈ B ∩ F there exists a disc neighborhood N p ⊂ F of p on which the foliation F ob (N p ) is radial with the node p, see Figure 2 -(i). We call p an elliptic point. (F ii): The leaves of F ob (F ) are transverse to K = ∂F . (F iii): All but finitely many pages S t intersect F transversely. Each exceptional page is tangent to F at a single point that lies in the interiors of both F and S t . In particular, F ob (F ) has no saddle-saddle connections. (F iv): All the tangent points of F and fibers are of saddle type, see Figure 2 -(ii). We call them hyperbolic points. An elliptic point p is positive (resp. negative) if the binding B is positively (resp. negatively) transverse to F at p. A hyperbolic point q is positive (resp. negative) if the positive normal vector n F of F at q agrees (resp. disagrees) with the positive normal of the page at q. We denote the sign of a singular point v by sgn(v). See At a non-singular point p on a leaf l in a page S t , let n S (resp. n F ) be the positive normal vector of S t (resp. F ) at p. The positive orientation of l is determined by n S × n F . With this orientation, every positive (resp. negative) elliptic point is a source (resp. sink).
According to the types of nearby regular leaves, hyperbolic points are classified into six types: Type aa, ab, ac, bb, bc and cc. Each hyperbolic point has a canonical neighborhood as depicted in Figure 3 , which we call a region. We denote by sgn(R) the sign of the hyperbolic point contained in the region R. If F ob (F ) contains at least one hyperbolic point, then we can decompose F as the union of regions whose interiors are disjoint. We call such a decomposition a region decomposition.
aa-tile ab-tile bb-tile bc-annulus ac-annulus cc-pants . Let e ± (resp. h ± ) be the number of positive and negative elliptic (resp. hyperbolic) points of F ob (F ). Then the self-linking number has
For the Euler characteristics we have
We say that a b-arc b in a page S t is essential if b is not boundary-parallel as an arc of the punctured page S t \ (S t ∩ K). We say that an open book foliation Here is a corollary of Theorem 3.2 which we use later for the proofs of our main results. Corollary 3.3. Assume that M contains no non-separating 2-spheres. Let K be a closed braid representative of a null-homologous transverse link T and F be an incompressible Seifert surface of K. Then there is an incompressible Seifert surface F of K with the following properties:
• F admits an essential open book foliation.
•
• Let (S, φ) be an open book with connected binding. We take an annular neighborhood ν = ν(∂S) ⊂ S of ∂S and fix an identification ν ≈ S 1 × [0, 1] so that ∂S ⊂ ν is identified with S 1 × {0}. Take a set of points P = {p 1 , . . . , p n } so that P ⊂ S 1 × {1/2}. Let Figure 4 . We view B n (S) as a subgroup of M CG(S, P ) through the push map i in the generalized Birman exact sequence (2.1). We say that a braid w ∈ B n (S) is a positive (resp. negative) band-twist if w ∈ M CG(S, P ) is a positive (resp. negative) half twist about a properly embedded arc in S \ 1 2 ν connecting two distinct points in P (see Figure 4) . Definition 4.1. A band-twist factorization of a braid β ∈ B n (S) is a factorization of β into a word w 1 · · · w m , where each w i is a band-twist. We say that β is strongly quasipositive if β is a product of positive band-twists.
In the case of S = D 2 , a band-twist factorization is nothing but a factorization using the band generators σ i,j .
When g(S) > 0, some braid in B n (S) may not admit a band-twist factorization: For example, a non-trivial 1-braid in B 1 (S) ∼ = π 1 (S) does not admit a band-twist factorization. For a closed braid representative K of a transverse link T we may put K so that K ∩S 0 = P . Let β K ∈ B n (S) be the n-braid obtained by cutting M along S 0 . (2): We say that the closed braid K is α-strongly quasipositive with respect to (S, φ) if it is the boundary of an α-Bennequin surface without negative hyperbolic points. (In this case, we also say that T is α-strongly quasipositive.) Since an α-Bennequin surface admits an aa-tile decomposition, it is the union of disks each of which is a regular neighborhood of a positive elliptic point and twisted bands each of which is a rectangular neighborhood of a singular leaf of the open book foliation. The sign of each twisted band is equal to the sign of the corresponding hyperbolic point.
For an open book with connected binding, the above observation shows that the algebraic and the geometric definitions (Definitions 4.2 and 4.3) of an α-Bennequin surface (and strongly quasipositive) are equivalent in the following sense. The (algebraically constructed) α-Bennequin surface F w associated with a band-twist factorization w clearly admits an aa-tile decomposition. Also every (geometrically constructed) α-Bennequin surface can be seen as F w for some w.
Minimum genus Bennequin surfaces.
In this section, we prove Theorems 1.9 and 1.7. We begin with a simple observation that if a transverse link is the boundary of a Bennequin surface then it satisfies the Bennequin-Eliashberg inequality.
Lemma 4.5. Let T be a null-homologous transverse link and α ∈ H 2 (M, T ; Z) be a Seifert surface class. If T is the boundary of a minimal genus α-Bennequin surface then δ(T , α) ≥ 0.
Proof. Since any α-Bennequin surface has e − = 0, Lemma 3.1 gives δ(T , α) = h − ≥ 0. Proposition 1.8 and Theorem 1.9 easily follow from Lemma 3.1.
Proof of Proposition 1.8. If (M, ξ) is overtwisted, then by the Bennequin-Eliashberg inequality theorem (Theorem 1.5), there is a transverse link T and its Seifert surface class α such that δ(T , α) < 0 (e.g. take a transverse push-of of the boundary of an overtwisted disk). By Lemma 4.5 such a transverse link T cannot bound a minimum genus α-Bennequin surface. This proves the contrapositive of the first statement of the proposition.
To see the second statement of the proposition, we assume that (M, ξ) is tight. Theorem 1.5 and the truth of Conjecture 3 imply that for any null-homologous transverse link T and its Seifert surface class α, T bounds a minimal genus α-Bennequin surface with respect to (S, φ).
Proof of Theorem 1.9. Assume that δ(T , α) ≥ 0 for some T and α. The truth of Conjecture 3 implies that there exists an α-Bennequin surface F with g(F ) = g(T , α). Let p (resp. n) be the number of positively (resp. negatively) twisted bands in F . By a property of the geometric definition of an α-Bennequin surface, p (resp. n) is equal to the number of positive (resp. negative) hyperbolic points of the open book foliation F ob (F ). Any α-Bennequin surface has e − = 0. By Lemma 3.1 δ(K, α) = h − = n. Thus Conjectures 1 and 2 hold.
Next we prove Theorem 1.7, which guarantees the existence of minimum genus Bennequin surfaces for every topological link type.
Let C be a connected component of the binding of the open book (S, φ). Let µ C be a meridian of C whose orientation is induced from that of C. We say that a closed braid K is a positive (resp. negative) stabilization of a closed braid K about C, if K is the connect sum of µ C and K with a positively (resp. negatively) twisted band. See Figure 5 (i). Here, a positively (resp. negatively) twisted band is a rectangle whose open book foliation has a unique positive (resp. negative) hyperbolic point.
Both positive and negative stabilizations preserve the topological link type of the closed braid K. A positive stabilization preserves the transverse link type of K, whereas a negative stabilization does not. Recall the fact that one can remove an ab-tile by a stabilization, see Figure 5 (ii) and [7, Figure 26 ]. Lemma 4.6. Let K be a closed braid with respect to (S, φ) and F be a Seifert surface of K admitting an open book foliation. Assume that the region decomposition of F has an ab-tile R. Let C denote the binding component on which the negative elliptic point of R lies. If sgn(R) = +1 (resp. −1) then a negative (resp. positive) stabilization of K about C can remove the ab-tile R, without changing the rest of the open book foliation of F .
Proof. We push K = ∂F across the unstable separatrix of the hyperbolic point in R. See Figure 5 (ii). Then the resulting closed braid is a stabilization of K about C and the sign of stabilization is positive (resp. negative) if sgn(R) = −1 (resp. sgn(R) =+1). Proof of Theorem 1.7. Take a closed braid representative K of a null-homologous topological link type K. Let F be an α-Seifert surface of K with g(F ) = g(K, α). By an isotopy fixing K we may put F in a position so that F admits an open book foliation F ob (F ). By [21, Proposition 2.6] we may assume that F ob (F ) contains no c-circles.
By Lemma 4.6, after sufficiently many positive and negative stabilizations, we can remove all the ab-tiles without producing new c-circles. This would make an existing bb-tile becomes an ab-tile. Then we remove the new ab-tile as well by another stabilization. After removing all the ab-tiles and bb-tiles, the region decomposition consists of only aa-tiles; thus, we obtain an α-Bennequin surface.
Proofs of the main theorems
The goal of this section is to prove the main results (Theorems 1.11 and 1.12 and Corollary 1.13). Definition 5.1. Let R be an ab-tile, a bb-tile or a bc-annulus in the region decomposition of F ob (F ). If sgn(R) = −1 then the graph G R on R is as illustrated in Figure 6 . If sgn(R) = +1 then G R is defined to be empty. Also, if R is an aa-tile, an ac-annulus or a cc-pants then G R is defined to be empty. The union of graphs G R over all the regions of the region decomposition and all the negative elliptic points gives a (possibly not connected) graph, G −− , contained in F . We call the graph G −− the extended graph of G −− .
There are two types of vertices in G −− . We say that a vertex of G −− is fake if it is not a negative elliptic point as depicted with a hollow circle in Figure 6 . A negative elliptic point is called a non-fake vertex. 
F admits an open book foliation F ob (F ) (which may be not essential). Proof. First suppose that e − = 1. Let d denote the valence of the unique negative elliptic point of F ob (F ) (as a vertex of the extended graph
Next we assume that e − ≥ 2. For i ≥ 0, let v i be the number of vertices of G −− whose valence is i and let w be the number of edges of G −− . Then we have i iv i = 2w and χ = i v i − w, where χ = χ( G −− ) is the Euler characteristic of the extended graph G −− . Therefore,
If there is a non-fake vertex of valence less than or equal to two, then we are done since 2 ≤ δ(T , [F ]) + 2 by the condition (i).
Suppose that every non-fake vertex has valence grater than two. (i.e., v 0 = v 2 = 0). Then, since every fake vertex has valence one, v 1 is equal to the number of fake vertices. By Definition 5.1 we have h − ≥ w and
By the condition (ii) and Lemma 3.1, we have
Therefore by (5.1) we get an inequality Proof. If e − = 0 then we are done.
We may assume that e − ≥ 1. Let N (≥ 0) be the number of negative hyperbolic points of type either ab, bb or bc. Not the h − ≥ N . Every negative hyperbolic point of type ab, bb or bc is connected to at least one negative elliptic point by a singular leaf. By Theorem 3.4 and Lemma 3.1 we have 1
If δ(T , [F ]) = 0 then we get 1 < 1, a contradiction. Therefore in this case e − = 0.
The next proposition gives a criterion of strongly quasi-positive braids.
Proposition 5.5. Assume the following.
(i) All the elliptic and hyperbolic points of F ob (F ) are positive.
(ii) The page S is planar.
(iii) Only one binding component intersects F .
Then F is an [F ]-Bennequin surface and K is a strongly quasipositive braid.
Proof. Let C be the unique binding component that intersects F . By the assumption (ii), if there exists a c-circle, c, in a page S = S t then c separates S into two components. Let X be the connected component of S \ c that contains C.
Recall our orientation convention for leaves as defined in Section 3. We say that c is coherent with respect to C if the leaf orientation of c agrees with the boundary orientation of c ⊂ ∂X. Otherwise, we say that c is incoherent. For simplicity, we omit writing 'with respect to C' in the following.
By the assumption (i), there are no negative elliptic points. Therefore, the region decomposition of F consists of only aa-tiles, ac-annuli and cc-pants each of which has a positive hyperbolic point.
First, let us consider how an ac-singular point changes the types of local regular leaves.
(1) An a-arc forms a positive hyperbolic point h with itself then splits into an a-arc and a c-circle, c, see Figure 7 (1). By the assumption (iii), every a-arc starts at C. This shows that the c-circle c must be incoherent.
(2) An a-arc and a c-circle merge and form a positive hyperbolic point h. Then they become one a-arc, see Figure 7 (2). By the assumption (iii), this c-circle must be coherent.
Next, let us consider how a cc-hyperbolic point changes the types of local regular leaves. The above discussion shows that passing a type ac or cc positive hyperbolic point never decreases (resp. increases) the number of incoherent (resp. coherent) c-circles. For a regular page S t (t ∈ [0, 1]), let N (t) be the number of incoherent c-circles in S t . Since a type aa hyperbolic point does not affect c-circles we get N (t) ≤ N (t ) for t < t .
Our strategy is to show that all the regions in the region decomposition are of type aa; hence, F is an [F ]-Bennequin surface.
Assume to the contrary that there exist c-circles. If no a-arcs interact with those c-circles (i.e., no ac-annuli exist), then the surface F contains a component consisting of only aa-tiles. In other words, F is disconnected, which is a contradiction.
Therefore, F ob (F ) contains ac-annuli.
If at least one ac-annuls of type (1) exists then we have an strict inequality N (0) < N (1). However, the page S 1 is identified with the page S 0 by the monodromy φ of the open book. Since F is orientable, φ identifies an incoherent c-circle in S 1 with an incoherent c-circle in S 0 , which means N (0) = N (1). This is a contradiction.
If F ob (F ) contains an ac-annulus of type (2) then a parallel argument about the number of coherent c-circles holds and we get a contradiction.
Thus, c-circles do not exist.
Proofs of the main results.
Proof of Theorem 1.11. (⇐) The statement is trivial.
(⇒) We assume δ(T , α) = 0 and show that K is an α-strongly quasipositive braid.
By the assumptions (ii), (iii-a) and Corollary 3.3, after desumming essential spheres, we may assume that the new F (we abuse the same notation) admits an essential open book foliation F ob (F ) and the binding component C in the condition (iii-b) is still the only binding component that intersects the new F . Assume to the contrary that e − = 1. Note that by (iii-b), C is the binding component on which the unique negative elliptic point lies. Then by Lemma 3.1 and the assumption (iii-a) we have h − = δ(T , α) + e − = 0 + 1 = 1. By Theorem 3.4 this shows that c(φ, K, C) ≤ 1, which contradicts the condition (iii-c).
Therefore, e − = h − = 0. By Proposition 5.5 and the assumptions (i) and (iii-b), F is an α-Bennequin surface with the strongly quasipositive boundary K. 
which shows that there are N ≥ 2 negative ab-tiles meeting at v. Apply a positive stabilization along one of the negative ab-tiles (cf. Figure 5 (ii)) we may remove the negative elliptic point v. Note that the genus of the surface is preserved. As a consequence we get a Seifert surface whose region decomposition consists of only aa-tiles.
Moreover, if δ(T ) = 0 and e 1 = 1 then h − = δ(T ) + e − = 0 + 1 = 1. We have
which is a contradiction. Thus, when δ(T ) = 0 the Seifert surface F is already a Bennequin surface without negatively twisted bands; hence, K is strongly quasipositive.
Examples.
We close the paper with examples related to the main results. Some of the examples are described via movie presentations. A movie presentation is a sequence of slices of Seifert surface by the pages S t . See [21, p.1597] for the definition of a movie presentation.
Example 5.6. First we see that the planar condition (i) of Theorem 1.11 is necessary.
Suppose that S is an oriented genus 1 surface with connected boundary. Choose φ so that the the manifold M (S,φ) is a rational homology sphere. The condition (ii) of Theorem 1.11 is automatically satisfied. Since the Seifert surface class is uniquely determined we may drop α-from our notation.
Take a base point near the boundary so that φ fixes it. Let ρ be an oriented loop at this base point as depicted in Figure 8 (1). Under the identification B 1 (S) = π 1 (S) we may identify ρ with a 1-braid in the surface braid group B 1 (S). Note that K 1 is smoothly isotopic to the binding of the open book. This shows that g(K 1 ) = g(S) = 1. Since K N is an (N, 1)-cable of the binding, K N is a connected sum of N copies of K 1 , which yields g(K N ) = N . The Seifert surface F of K N defined by the movie presentation in Figure 8 (2) gives a genus N surface. Therefore, the condition (iii-a) is satisfied.
The movie presentation also determines the open book foliation F ob (F ) of F as depicted in Figure 8 (3) . We observe that F ob (F ) is essential (there are no b-arcs) and all the hyperbolic and elliptic points are positive. By Lemma 3.1 it follows that δ(K N ) = 0.
If K N were a strongly quasipositive braid bounding a Bennequin surface F then due to the one-strand constraint the open book foliation F ob (F ) must be built of only a-arcs emanating from a single positive elliptic point. This means that K N is a meridional circle of the binding; that is, an unknot. This contradicts the above conclusion g(K N ) = N = 0.
We conclude that if N > 1, all the conditions of Theorem 1.11 are satisfied except for the planar assumption (i) on S, and K N is not a strongly quasipositive braid. More concretely, we show that the transverse knot type T represented by the closed braid K 1 in Example 5.6 does bound a minimum genus Bennequin surface (indeed, strongly quasipositive) at the cost of raising the braid index.
To see this, we consider a different Seifert surface F of K 1 given by a movie presentation as depicted in Figure 9 . Using the Euler characteristic formula in Lemma 3.1 we see that both F and F has genus 1, which is the genus of the transverse knot type T . However the open book foliations of F and F are different. For instance, the region decomposition of the open book foliations F ob (F ) consists of two ac-annuli whereas F ob (F ) consists of four ab-tiles. More precisely, F ob (F ) contains one negative elliptic point and one negative hyperbolic point and they belong to the same unique negative ab-tile. By a positive stabilization along the negative ab-tile we can remove both the negative elliptic and negative hyperbolic points of F . Since any stabilization preserves the Euler characteristic of the surface, the resulting surface, F , also has genus 1. The surface F consists of only positive aa-tiles and its boundary is a closed braid of braid index 2.
In summary, we obtain a minimum genus Bennequin surface F of T whose boundary is a strongly quasipositive 2-braid. Knowing that b(T ) = 1 and T is not an unknot, any closed 1-braid representatives of T are not strongly quasipositive.
For a higher N ≥ 2, by adding extra N − 1 pairs of positive and negative elliptic points we can construct a genus N Seifert surface for K N where a parallel argument works, and we obtain the same conclusion. Example 5.8. Next we see that the condition (iii-c) on the FDTC in Theorem 1.11 is also necessary.
Let S be a genus 0 surface with four boundary components C 0 , C 1 , C 2 , C 3 . Let X be a simple closed curve that separate C 1 and C 2 from C 3 and C 4 . See Figure 10 (1). Let φ ∈ Diffeo + (S) be a diffeomorphism defined by
where T * denotes a positive Dehn twist about * ∈ {X, C 1 , C 2 , C 3 } and n 1 , n 2 , n 3 ∈ Z \ {0}.
Since n 1 , n 2 , n 3 = 0 the ambient manifold M = M (S,φ) has H 1 (M ; Z) = Z/n 1 Z ⊕ Z/n 2 Z ⊕ Z/n 3 Z (cf. [10, p.3136]) and it yields H 2 (M ; Q) = 0 by the universal coefficient theorem; hence, M is a rational homology sphere and the condition (ii) of Theorem 1.11 is automatically satisfied.
The movie presentation shown in Figure 10 • D is a disk and K is an unknot ((iii-a) is satisfied).
• Among all the binding components of (S, φ), only C 0 intersects D ((iii-b) is satisfied).
• c(φ, K, C 0 ) = 0.
Therefore, all the conditions of Theorem 1.11 are satisfied except for the condition (iii-c) on the FDTC. Indeed, the region decomposition of D consists of two ab-tiles and D is not even a Bennequin surface; thus K is not a strongly quasipositive braid. (We remark that after one positive stabilization, we get a strongly quasipositive braid representative of the transverse knot type [K]). For a non-negative integer δ ≥ 0, let us consider an n-braid word of the form w = xy where x ∈ B n is a strongly quasipositive braid word and y ∈ B n is a braid word containing δ negative band generators.
Let K be the closure of w and T be the transverse knot type represented by K. The Bennequin surface F w associated to w has the Euler characteristic χ(F w ) = n − h + − h − ≤ χ(T ), where h + (resp. h − ) denotes the number of positive (resp. negative) band generators in the word w. By Lemma 3.1 we get δ(T ) ≤ h − = δ. and y ∈ B 4 be a braid word in {σ 2,4 } containing δ negative band generators. The closure K of the 4-braid w = xy realizes the braid index b(T ) of T . Since the Bennequin surface F w is not connected, the Alexander polynomial of T is zero (see [25, Proposition 6.14] ). In particular, T is not fibered. Using [22, Lemma 4.13] we obtain c(x) ≥ N . The above argument shows that K satisfies the assumptions of Theorem 1.12 and Corollary 1.13.
